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Abstract

Thetp:obiem of soft landing on the moon with the additional re-
quireﬁeat that fuel consumption during the deceleration of the

rocket should be minimized is solved formally with the help of

Lie aerias. A corresponding one-dimensional problem having no

solution is briefly reviewed.

1. Introdaafipn:

‘ The enduring effort to improve technology - genersally
speakiaé as wall as, in our case, the technology of space craft -
has given rise to the concept of optimization; optimum control
systems are, therefore, gaining more and more importance in space
flight. Optimization may be carried out with respect to various
paraneters, as, €.8«, time of flight or consumption of propellant.
In this report, we shall consider the problem of soft landing on
the surface of the moon under the additional condition of mini-
mizing the fuel needed to operate the decelerating rockets. The
mathematlcal method of solv1ng the Euler-Lagrangean equations of
the optimization integral and the equations of motion appearing
as the constraint conditions is based on the use of Lie-aériea;
based on considerations by Groebner and his ocowortkers: /1 30/ of
the Mathematics Department of the Innsbruck University, Lie series
have proved to be an efflclent tool for solving differential equa-
tions in the last few years, they have proved their efficiency in

treating problems of celestial mechanics /28/, /29/, reactor theo-




ry /22/, /23] ag well as other fields of mathematical physics
(as, e.g., Hamilton-Jacobi theory, stability investigation /2/
and van der Pol equations /31/). Another paper to be published in
the framework of this contract deals with the application of this
method to the calculation of particlé ofbits in circular accele-
rators /32/. - {Optimization probieﬁs Were for the first time
golved with the help of Lie-series by:Groebner /33/ and Dotzauer
/34/; the present report is closely relatea to their considera-
tiong. - The equations used by us show an intimate resemblance
to those used by other authors /35/. Before stating and formally
solving our specific problem we shall ﬁfesent the general for-

malism based on considerations of /33/,'/34/.

2. General Formalism!

Let p functions xi(t) (i=1, .., p) specifying, e.g.,
the positions and momenta of a spacecraft and q functions
yj(t) (j=1, «.+yq) representing control forces be given. The

equations to.be solved are of the form
X = Gi(x,y) (i =1y eeuy D) (1)

They serve as the constraint conditions supplementing the equa-

tions stemming from a minimization of the integral:
T

1) = (e 90 1) e a0 (0 Y v (2)
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To secure uniqueness, p initial or final conditions of the form
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xi(O) i (3a)

or

W
Q

x,(T) = c; (3b)

regpectively, must be given. As will be shown below, Lie series
formalism providés a convenient method of transforming final
conditions to initial ones.

Briefly, we shall have to find the 2p + q functions
xi(t), yj(t) and AK(t) - the Lagrange multiplications - from

(1) and the p equations:

BGi aF
XK=- Ai-a—x;{-+alz (4)
and the q equations:
gor o, i e (5)
dt ayj i ayj ayj

together with boundary conditidnq.

We shall now pass to the calculation of the corresponding
new ?nitial conditions from the final conditions, making use of
Lis éeries formalism. Redefining our variables in a straight-

forward way appropriate to obtaining Lie solutions our system

reads /1/:
Zi = i(z) (i = 1, soe vy Zp + q) v (6)
Let, e.g. 2p + q - 1 initial conditions

(2)yo =28 (@ =1, .c,2p+q-1) (7




and one final condition
F(Zyy veenes zn)t=T =0 (8)

be given. The solution of this system is given by:

, 0. L S . '
t VYV _ 1D
Z; = ;E; yr Dag =eay (9)

where the D-operator is composed of the right~handsides of (6)
in the well-known manner (see, e€.g. /1/). Using the well-known

commutation theorem /1/, we have:

F(Z1, ceen 2

2peg) =€ -F(ay) 2§ (45 ay) (10)

The function £ defined in this way may be used to reexpress the

final condition:
§ (T; a;s eevva, _4»8) =0 - (11)
where S is considered variable such that
§=1 22,00 . (12)
The initial condition representiﬁg the final conditibn regds:
g (03 51, e an_1,§)}= F(a, ...,'an_1;§) =0  (13)

where the value Of.gt—T is connected with b E,gt-o by

Sty = (e 1=0 | (14)

with

DT 5_3?" kg(;;a1, ...,an_j,gj“’sg (15)




1, -2, ¢ -3

This statement (13) is easily proved as follows:

With .
Dyx =1,D 1 =0 (16)
and -
y .
D1 i(‘t‘; 81, LI ) an-1’§) = 0 (17)
28 well as
} TD1 )
) T = (e T)S=b’ 1,:0 (18)

we obtain, using again the commutation theorem /1/:
TD1 - » .
o (Th&5 ags ceermyy) = (¢ T (waf e eeeayg)ey =
T=0

= § (2, Bys eees By os b) =0 (19)

ge€.d.

3, The Problem of Soft Landing on the Surface of the Moon with Fuel

Optimization.

OQur specific problem to be solved by Lie series formalism is
a two-body problem, i.e., the decelerated motion of a spacecraft in
the neighbourhood of the moon subject to the condition of sofi lan-
ding (vt-T = 2=-3 m/sec) as well as of minimum propellant consumption
during the action of the decelerating rockets. The equatiops of

motion to be employed read:

- .

gv = VV ) (20&)
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m, (%) - TELIY L 5(s) | (200)

r
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where mv(t) is the mass of the vehicle, ;v(t) the position of the
vehicle in the moon's coordinate system, #v its velocity, T, its
distanes from the center of the moon and y the gravitational con-

stant. y(t) is defined by:

dm -2
-c E?l =\y (21)

with the optimization integral:

q§2 dt = extr. (22)

where ¢ is the constant exhaust velacity of the vehicle.

dmv~ 1
T =--3

o L.
O(./}I'S

Additionally, the following boundary conditions are to be satis-

fied:
L x ) _‘=”_.¢v(o), (1) =¥ (1) =2 - 3 msec” (23)
;v(o) = ;3’ ;;(T) = ‘VT

~if we assume the initial and final points of the vehicle's path

to be given.

Rewriting our eguations to be solved we obtain:

[
1

1’. (xv)x = x1 = G1 = 14;

i=2, (xv)y =%, =G, = X5 (20c)
5 - . "

123, (%), = %5 = G5 = %3

1=49(:) =X )




5, (v,), =
1 = = X
’ JV y 5 (20c)
i = 6 (V) = X
1 ' vz 6
2nd
e, x, . { ¥,
l 6|z LB ! " (24)
»  — x + - ¥y
\ > r?v 172 Y4 2
G X3 | V3
with .
e C O x3) ' ' ‘ (258)
and
"}
To= (e v ¥s) . (25b)
as well as
mv('t) = Y4 h : ) (250)
such that we have to solve six eqﬁations of the type:
ii = Gi(x1, x2, ‘xi, x4, xs’ x6’ y19 yz’ y}! y4) (20d)

which are supplemented by the Eulerian equations stemming from

the optimization integral:

090G,

Z: oF

K = - A _1' + = (4)
K 3 i axk 0
d odF 9G4 oF
S-2 . U3 o, & 9F (5)
dt . oy. .
NJ 1 1 yJ yJ
7here in our case:

2 2 20

F = --C-\Jy1+y2+y3 (26)

anch that (4) becomes



3G oG oG .
S o —4 —5 _ 5 5 (x .
)\K = 7\4 OX.K 7\5 axK 7\6 axK (K=1,2,3) (42)
and
7\4 = =Ay AS = =M,y Mg = - )\3 (4b)

since the Gi( i =1,2,3) are of the form G, = X4 G, = Xy G3 = xg

and the F are independent of x,. The equations (5) yield:

o 3 3¢ 3G
4_8F _ 4 2 _6 3F_
T ayj =0 = A4 ayj + AS ayj + Ag ayj + ayj (5a)

(3 = 1,2,3,4)
such that we have 16 equations for 16 functions from which 12
~equations for 12 functions (i.e., corresponding to the number
of boundary conditions) can be deduced by elimination. The final

L. S a S A L.
conditions xv(T) = v(T) and xV(T) = X o are transformed to ini-

vT

tial ones by the process given above.
It was not possible to carry out detailled or numerical

calculations since NASA stopped its financial contribution.

The one-dimensional problem of soft landing is treated in

many papers /36-41/.
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